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Abstract 

This is a preliminary report on our study of comparisons of deformations of al- 
gebras to deformations of schemes via invariant theory. We generalize comparison 
theorems of the second author for projective schemes. We consider deformation 
functors for a scheme X which is a good quotient of a quasi-affine scheme X' by a 
linearly reductive group G and compare them to invariant deformations of any affine 
G-scheme containing X' as an open invariant subset. 

Introduction 

Given a projective scheme X denned by equations fi, ■ ■ ■ , f m k[x , . . . , x n ], perturbing 
the equations in a flat manner so that they remain homogeneous induce deformations of 
X. In practice this is often the only way to construct examples of deformations. In more 
stringent terms we have a map between the degree embedded deformations of the affine 
cone C(X) and deformations of X in P n . If we take into account trivial deformations 
we get a map to the deformations of X as scheme. The question is when do we get all 
deformations this way. 

To see precisely what is going on we should compare deformation functors on Artin 
rings. If R — k[xo, . . . , x n ] and S = R/(fi, ■ ■ ■ , f m ) then the above describes maps 
Defg/R — > Hilbx/p™ where Def^j is the functor of degree deformations of S as i?-algebra 
and Def^ — > Defx where Def^ is the functor of degree deformations of S as /c-algebra. 
In |Kle79] the second author gave exact conditions for when these maps are isomorphisms. 
The object of this paper is to generalize these to other situations where one compare can 
deformations of algebras to deformations of schemes. 

The comparison map for projective schemes factors through deformations of the open 
subset of C(X) where the vertex {0} is removed. Thereafter one compares deformations to 
X = (C(X) \ {0})/k* via the quotient map. A natural question is if this can be generalized 
to closed subschemes of toric varieties corresponding to ideals in the Cox ring. It turns out 
one can go even further, i.e. the quotient need not be by a quasi-torus. 

In this paper we consider schemes X which are good quotients of a quasi-affine scheme 
X' by a linearly reductive group G. We assume that X' C Spec S and that G acts on 
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S inducing the action on X'. We can then compare Deff to Def x where Deff is the 
functor of invariant deformations of S. If this situation is embedded in another one we can 
compare with the local Hilbert functor as well. The precise definitions of these settings are 
formulated with what we call G-ferry quadruples - see Definition 12.11 and Definition 13.11 
This generality allows us to say something about affine schemes like quotient singularities 
as well. 

Linearly reductive groups have many properties coming from the Reynolds operator 
which make it possible to prove things, e.g. taking invariants is exact. Another reason to 
work with them is that the functor of invariant deformations is well defined and has the 
usual nice properties of a good deformation theory. This was proven by Rim in |Rim80j . 

Our main result on the local Hilbert functor is Theorem 13.41 The conditions are depth 
conditions along the complement of X' in Spec S and along the locus where the quotient 
map is not a G-bundle. We state also corollaries for subschemes of toric varieties and 
weighted projective space. 

For the abstract deformation functor Defx the results are not as exact due to the pres- 
ence of infinitesimal automorphisms. It is not clear what the correct assumptions should 
be but we found it useful to use results of Altmann regarding rigidity of Q-Gorenstein 
toric singularities as a guide. We get depth conditions as above but also along the locus 
where the isotropy groups are not finite. An important ingredient are what we call a set of 
Euler derivations coming from the Lie algebra of G. This was explained to us by Dmitry 
Timashev and made it possible to work with general groups and not just tori which we 
had originally studied. 

The main results for Defx are Theorem 14 . 1 U I and in the Cohen-Macaulay case Theorem 
14.131 We conclude with applications to rigidity questions for toric varieties. All though we 
here only reprove known results the techniques seem to promise new applications. 

As stated in the abstract this is a preliminary version. In a future version we believe 
we can weaken the assumptions somewhat and describe more applications. 

Terminology. The functor of deformations of a scheme X or i?-algebra S are denoted Defx 
and Def s/r, a superscript means of degree in the graded case and a G means invariant. 
The functor of embedded deformations of a scheme X C Y is denoted Hilbx/y and called 
the local Hilbert functor. 

We use throughout the standard criteria for when a map of deformation functors is 
smooth, namely that it is surjective on tangent spaces and injective on obstruction spaces. 
When the tangent map is an isomorphism we say the map of deformation functors is an 
isomorphism. If the functors have hulls then the hulls in this case will be isomorphic. 

Acknowledgments. We are grateful to Dmitry Timashev, Arne B Slets0e and Nathan Owen 
Ilten for helpful discussions and answering questions. We would in particular thank Dmitry 
Timashev for explaining aspects of invariant theory that led to the the correct setting for 
our results. 
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1 Preliminaries 



1.1 Cotangent cohomology statements 

To fix notation we give a short description of the cotangent modules and sheaves. Given 
a ring R and an i?-algebra S there is a complex of free S modules; the cotangent complex 
h, R . See e.g. |And74| p. 34] for a definition. For an S module M we get the cotangent 
cohomology modules T l (S/R]M) = if 1 (Horns (L. ,M)). If R is the ground field we 
abbreviate T { {S/R] M) = T l s (M) and T l s {S) = T l s = T x if X = Spec S. 

If X is a scheme we may globalise these as follows. If 7Z is a sheaf of rings and S 
an 1Z algebra we set C S ^ n to be the complex of sheaves associated with the presheaves 
U i — y L. ^ ^ Let J 7 be an S module. We get the cotangent cohomology sheaves 
T l (S/1Z\ J 7 ) as the cohomology sheaves of T-LomsiC 6 ', J 7 ) and the cotangent cohomology 
groups T l (S/7Z; J 7 ) as the cohomology of Horns (£ 5//7e , J 7 ). 

Because of the functoriality of these constructions we have T l (S/TZ; J 7 ) as the sheaf 
associated to the presheaf U h-> T % (S{U) /1Z{U); J~{U)) and T*(S /1Z] J 7 ) as the hyper- 
cohomology of 'Homs(C S ^ n , J 7 ). In particular there is a "local-global" spectral sequence 

H P (X, T\S/K- J 7 )) T n (S/TZ] J 7 ) . (1.1) 

If S is the structure sheaf Ox and R is the ground field, then we abbreviate as above to 

The properties of the cotangent cohomology we use, e.g. the Zariski-Jacobi sequence and 
flat base change results, may be found in |And74] . We include here one result that does not 
seem to be well known. Let Z C X be a closed subscheme, then following Laudal |Lau79l 
3.2.10] one may define cotangent cohomology with support in Z denoted T % z {0 x jTZ\ J 7 ). If 
Z CX = Spec S is given by V{T), we write Tj(S/R; S) = T 1 z (O x /O r ; O x ). 

Theorem 1.1. |Lau79} Theorem 3.2.11] There is a long exact sequence 

■ ■ ■ -> T z {O x /n- J 7 ) T(O x /K; J 7 ) T^Oxxz/TZ; J 7 ) -+ T z + \O x /lZ- J 7 ) -+ . . . 
and a spectral sequence yielding 

T p (Ox/1Z; UUJ 7 )) mOx/1Z- J 7 ) . 

1.2 Lemmata 

We collect here some general statements in invariant theory and commutative algebra 
which we could not find a reference for. 

Lemma 1.2. Let G be a linearly reductive group acting on a noetherian k-algebra A, M 
an AG-module of finite type and N an AG -module. Let F, be an AG projective resolution 
of M and K* the induced subcomplex 

K* = {ip G Hom A (F„ iV) G : y^(F. G ) = 0} C Bom A (F„ N) . 



3 



Then there is a long exact sequence of A G -modules 

> H\K') ->■ Ext\(M,Nf -> Ext^G (M G , N G ) -> H l+1 (K') ->••••. 

Proof. Since taking G invariants is an exact functor, it is enough to prove that there is an 
exact sequence of complexes 

-> ->■ Hom j4 (F., iV) G ->■ Hom AG (F. G , iV G ) ->■ 

where the right map is (p h-» <£?i f g, which makes sense since is invariant. Clearly K* is 
the kernel of this map. To prove that the right map is surjective consider the diagram 

F, — *U iV 



F G N G 

where p is the Reynolds operator projecting onto the invariant subset. Since the F m are 
projective the map (pop lifts to (p. □ 



Lemma 1.3. Let G be a linearly reductive group acting on an n- dimensional k vector space 
V. Let A = Sym(V) and let N be an AG -module with N G = 0. Then Ext^(fi A/AG , N) G = 
0. 

Proof. Consider the cotangent sequence 

Now as AG module ~ A cg^ V* where V* is the dual vector space. If 

A G = k[(pi, ...,cp N ]CA = k[xi, ...,x n ] 
then the beginning of an AG projective resolution of Q\j A G looks like 



Ox; 



>a n A 0fc v * o . 

Since of course is generated by invariants Lemma [L2l tells us that Ext^(0^,^ G , N) G — > 
Ext^ G ((fi^ MG ) G ,iV G ) is injective. □ 

Lemma 1.4. If A is a Cohen-Macaulay ring and I C A a radical ideal of codimension d 
let 

j= n p- 



peAss/ 

codim f>=d 



Then Hj(A) ~ 
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Proof. Assume p £ Ass J = {p , . . . , p„}, a set of distinct prime ideals, and codimp > d. 
Let V = flj>ipj. The interesting part of the Mayer- Vietoris sequence is 

Since A is Cohen-Macaulay depth po A = codimp > d + 1. If codimp + J' = d + 1 then 
we must also have codimpo — d + 1. Since po is prime this implies that I' C p , but 
7 is reduced so Ass J consists of minimal primes and we have contradiction. Thus we 
get an isomorphism Hf,(A) ~ Hf(A). In this manner we may remove all prime ideals of 
codimension strictly greater than d. □ 

Lemma 1.5. If A is a Cohen-Macaulay integral domain, I C A an ideal of codimension d 
contained in an ideal J of codimension strictly greater than d, then Hj(Hf(A)) = 0. 

Proof. We must exhibit an x G J which is not a zero divisor on Hf(A). We may as- 
sume both / and J are reduced and by Lemma 11.41 that all associated primes of I are of 
codimension d. We clam there is an x G J such that (I : x) = I. Now 

(/:*)= P| (p:x) 
peAss I 

so we must find an x not in any of the associated primes of /. If this was not possible, 
then by the Prime Avoidance Lemma, J is contained in an associated prime of I. But then 
codim J < d which contradicts the assumption. 
We have an exact sequence 

-> Hf-\A/(x)) -> Hf(A) ^ Hf(A) . 

Since A/(x) is also Cohen-Macaulay we are done if we can prove that codim I/xI = d 
in A/(x). This is true because x is a non-zero-divisor for A/ 1 so dim A — dim Aj I = 
dimA/x - dim A/(I + (x)). □ 



2 G-ferry quadruples 

Definition 2.1. Let G be a linearly reductive algebraic group. Consider a quadruple 
(X, Z, S, J) where A is a noetherian fc-scheme, Z is a (possibly empty) closed subset, S is 
a finitely generated fc-algebra on which G acts and J C S is a G invariant radical ideal. 
Set A' = Spec S \ V(J) and U — X \ Z. We say that (A, Z, 5*, J) is a G-ferry quadruple if 
there is a commutative diagram 



U' - 

""11/ 

u< > X 



-)• X' < > Specs' 



where U' = tt 1 {U) and 
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• 7i is a good quotient of X' by the action G 

• my-' is a principal G bundle, in particular smooth 

• depth j S > 1. 

The sheaf of algebras S = tt*Ox> is called the ferry. 

We will throughout the rest of this paper use the above notation to refer to the various 
objects in the definition. Here are some examples. 

Example 2.2. The Spec construction. If X = Spec A and G is trivial then (X, 0, A, (1)) 
is a ferry quadruple. 

Example 2.3. The usual Proj construction. If X = Proj A for A finitely generated Z- 
graded /c-algebra generated in degree 1 with irrelevant ideal m and G = k* then (X, 0, A, m) 
is a G-ferry quadruple. 

Example 2.4. The Proj construction in general. Let be a finitely generated Z + graded 
fc-algebra with So = k and set X = Proj S*. Assume 5* = R/I where R = k[xo, . . . , x n ] 
is graded with degXj = g ; G N and for m = (xo, . . . ,x n ), depth m S > 1. This defines an 
embedding of X into the weighted projective space P(q) = f(qo, . . . ,q n ). 

Following Miles Reid we say that P(q) is well formed if no n — 1 of the q , . . . ,q n 
have a common factor. Similarly we will say that the corresponding grading on S is well 
formed. We may assume that all gradings are well formed, see e.g. [Del751 Proposition 1.3] 
or |Dol82l 1.3.1].) Let be the ideal of R generated by {xi : k \ qi} and set 

j=f]j k = n j p . 

k>2 p prime 

p\lcm(q ,...,q n ) 

The singular locus of the well formed P(q) is Z = V(J) C P(q). 
Then (X, X PI Z, S, m) is a G-ferry quadruple. 

Example 2.5. The Cox construction for complex toric varieties. This is our main example 
and it includes the previous ones, see e.g. [Cox95] and [CLS11, Chapter 5]. To fix notation 
for the rest of this paper we recall the construction. Using the standard notation for toric 
geometry let X = X^ be an n-dimensional toric variety given by a fan E in TVr. We assume 
here for simplicity that X^, has no torus factors, but this is not necessary for applying our 
results (see |CLS11[ 5.1.11]). Let S(l) = . . . , p N } be the set of rays of S and let Vi 
be the primitive generator of pi fl N. The divisor class group of X is given by the exact 
sequence 

o z n \ Z N ->■ C\(X) ->• 

where b{u) = (< u,v± >,...,< u,Vn >)• The ring S = C[x p : p G S(l)] is naturally 
graded by the abelian group Cl(X) and with this grading it is called the Cox ring or total 
homogeneous coordinate ring of X. 
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For each cone a in E there is a monomial 

n xi g s 

and define -B(E) to be the ideal of S generated by these. It is called the irrelevant ideal of 
the Cox ring. Let Z(E) = V(B(E)) C Spec S. Let G be the quasi-torus Hom z (Cl(X s ), C*). 
The theorem of Cox states that X is an almost geometric quotient for the action of G on 
SpecS\Z(E). 

Let Sing(X 2 ) be the singular locus, i.e. 

Sing(X s ) = |J V(a) . 
o-es 

a not smooth 

The smooth locus is given by the subfan consisting of smooth cones in E. Then it follows 
from the construction (see e.g. |CLSlll Exercise 5.1.10]) that (Xe, Sing(Xs), S, -B(E)) is 
a G- ferry quadruple. Note that a G invariant S'-module M is the same thing as a C1(X) 
graded S'-module and that M G = M , the degree G C1(X) part of M. Moreover if 
a = [D] G C1(X) then S a = Ox{D). In particular the ferry in this case is 

S= O x {D). 

[D]ec\(x) 

Example 2.6. Multigraded sheaves of algebras. All the examples above and also the Cox 
ring construction for general varieties fit into the following set up. Let T be a finitely 
generated abelian group. Consider a reduced noetherian fc-scheme X with a sheaf of V- 
graded algebras S which is locally of finite type. Assume Sq = Ox and that S = H°(X, S) 
is a finitely generated fc-algebra. Then X' = Spec x S C Spec S is quasi-affine. Set J to be 
the radical ideal defining Spec S\X'. 

Let G = Spec k[T] be the corresponding quasi-torus and assume k and G are so that G 
is linearly reductive. Choose Z C X so that G acts freely on 7r _1 (X \ Z). (In the Cox ring 
construction one could choose Z = Sing(X).) Then (X, Z, S, J) is a G-ferry quadruple. 

Example 2.7. Quotient singularities. Let G C GL n (C) be a finite group without pseudo- 
reflections. Then (C n /G, Sing(C n /G), C\>, (1)) is a G-ferry quadruple. 

Example 2.8. Homogeneous spaces. Let G be a linearly reductive algebraic group and H a 
closed subgroup. Let S be the coordinate ring of the affine scheme G. Then (G/ H, 0, S, (1)) 
is a G-ferry quadruple. 

3 Deformations of the embedded scheme - Hilbx/y 
3.1 G-subferry quadruples 

Definition 3.1. Given a G- ferry quadruple (Y, W, R, J) and a G- invariant ideal I C. R 
contained in J we may construct a new G-ferry quadruple as follows. Let S = R/I, set 
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Figure 1: The diagram for G-subferries. 

J = J/I and assume depth jS > 1. Let 7r : Y' — > Y be the good quotient as in Definition 
12.11 The quasi-affine scheme X' = Spec S\V(J) is a closed G-invariant subset of Y' . Thus 
7r : X' — > X = tt(X') is a good quotient where X has structure sheaf {ji^Ox') '■ It follows 
that (X, X PI W 7 , 5*, J/J) is also a G-ferry quadruple. We call it the G-subferry quadruple 
induced by I. 

A G-subferry quadruple determines a diagram as in Figure [T] where Z = X (1 W, 
Ux = Xf]U Y and by definition U' x = ^(Ux). Let S = tx*0 X ' be the ferry of (X, Z, 5, J). 
Let / : X — > Y be the closed embedding. Let Iw be the radical ideal of Spec R\ JJ' Y and set 
Iz — (Iw We will use this notation and the notation in the diagram throughout. 

Now t^\u' y is a principal bundle, so in particular inverse images of points are G-orbits. 
Thus for any G-invariant subset V C U' Y we have tt~ 1 ('k(V)) = V. Thus X' fl U Y = 
/T _1 (7r(X' R U Y )) = 7r _1 (7r(X / ) fl tt(U y )) again since x,y <E U Y and 7r(x) = n(y) implies x 
and |/ are in the same G-orbit. This shows that U' x — X' fl U Y , so it is indeed an open 
subset of X' and the above diagram is commutative. Note that the front vertical square is 
Cartesian but the back one need not be. 

3.2 Results 

We begin with a general lemma. 

Lemma 3.2. If in a Cartesian square of schemes 

X' — ^ Y' 



X — i— > F 
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the morphism tt is flat and affine and f, f are closed immersions then 
T\O x ir X Oy- 7T*e> X ') ~ T i {p x ,lf- X Oy,\ O x .) 

for all % > 0. 

Proof. We first compare the corresponding sheafs. Since all morphisms are affine and tt is 
flat the diagram locally corresponds to a cocartesian diagram of rings 

A' < B' 

A i B 

with 7r# flat, so T l (A/B; A') ~ T l (A'/B'; A'). By comparing values on open affine sets we 
get therefore 

r\o x ir x o Y - tt*o x ,) ~ -K*T\o xl ir x o YI - o x <) 

for all q > 0. Since tt is affine and being affine is preserved under base change, H P (X, tt^J 7 ) ~ 
H P (X', J 7 ) for any quasi-coherent J 7 . Thus all terms in the two spectral sequences (11. ip 
for the two cohomology groups are isomorphic and the result follows. □ 

Lemma 3.3. If depth z S > 2 then 

(i) depths O x > 2 

(ii) H%S) = Hl(S) = 

(iii) there is an isomorphism Hj(S) ~ Hj (S). 

Proof. Since taking invariants is exact the first statement follows from 7-L % z {S) G = H z (O x ). 
We have depth j S > 1 by the assumption that (X, Z, S, J) is a G-subferry, so we get (ii) 
and (iii) by considering the commutative diagram 

> S > H°{X, S) > H l j(S) > 

► H%{S) > S > H°(U x ,S lUx ) > Hj z (S) > 

where the middle vertical map is an isomorphism by the depth condition. □ 

Theorem 3.4. If (X, Z, S, J) is a G-subferry quadruple of (Y, W, R, J) induced by I C R 
with ferry S and 

(i) depth z S > 2 

(ii) Rom R (I,H}(S)) G = 
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then Def s / R and Hilbx/y are isomorphic deformation functors. 

Proof. We will prove that both deformation functors are isomorphic to Hilbu x /u Y . Note 
first that if / : X — > Y is any closed embedding then T°(O x / f^Oy; J 7 ) = for 
any C^-module T . Thus the spectral sequence in Theorem 11.11 yields T} z (S/R;S) ~ 
B.om R (I,Hj (S)) = by Lemma [3.31 Furthermore this and Lemma [3.31 (iii) shows that 
Tf z (S/R; S)~ Hom fl (J, Hj z (S)) ~ Eom R (I, H}(S)). 

We start with applying the long exact sequence in Theorem 11.11 and get 

T^S/R; S) -> T\Q v , x lR- O u>x ) -> 5) -> T 2 (5/i?; 5) ^{O^JR- O u>x ) 

when we write i? for (/') ^y^SpecR where iy : U Y ^ SpecR. Now is flat so 

TiOvjR; Ux ) ~ TXO^/C/')- 1 ^; CV X ) 

and by Lemma [3.21 

^(^/(/O- 1 ©^; O v , x ) ~ T'iOuJf- 1 ^; tt*0 Ux ) . 

Therefore after taking invariants and using the conditions we see that 

S) G FiOuJf^Ovri Ux ) 

is an isomorphism for i — 1 and injective for i = 2. Thus Deffy^ ~ Hilb{/ x /;y y . 

We have , W z {O x ) = for z < 1 by Lemma I3T31 so again the spectral sequence and vanish- 
ing of T^Ox/f^Oy, O x ) implies T l z (O x / f^Oy, O x ) = for i < 2. We apply the long 
exact sequence in Theorem O again to get T 1 (O x / ' f~ x Oy\ O x ) ^ T 1 (0 Ux / f~ l O UY ; Ux ) 
and T\Oxir x O Y - O x ) ->• T 2 (0 Ux /f- 1 UY ; CV X ) injective. Thus Hilb x/y ~ Hilb^/^. 

□ 

In the case of the Cox construction for toric varieties (Example 12. 5j) we get a corollary 
which is a generalization of the comparison theorem as stated in [PS85]. Proofs and full 
statements of the results we use here may be found in |CLS111 Chapter 5 and 6]. 

Let Y be a toric variety with Cox ring R. Every closed subscheme X of Y corresponds 
to a homogeneous, with respect to the C1(Y) grading, ideal I C R. Moreover there is 
a sheafification construction taking any graded i?-module M to a sheaf M on Y. In 
particular if S = R/I then S = © oeC i(y) O x (a). Also, as in the case of projective space, 
one may compute sheaf cohomology from local cohomology at the irrelevant ideal ( |EMS00l 
Proposition 2.3]). In particular there is an exact sequence 

0^H° B (S)^S^ H°(X,O x (a))^H l B (S)^0. 

aeCl(Y) 

We therefore get the following result for subschemes of toric varieties. 
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Corollary 3.5. Let X be a subscheme of a toric variety Y corresponding to the homo- 
geneous ideal I in the Cox ring R of Y . Let Z be the singular locus of Y . Assume I is 
generated by homogeneous polynomials of degrees azi, . . . , a m G Cl(Y). If 

(i) depth z a6C1(y) O x (a)>2 

(ii) (S/I) ai ~ H°(X, O x {oi)) for alli = l,...m 

then Def^^j and Hilbx/y are isomorphic deformation functors. 

Corollary 3.6. Let X = Proj S be a subscheme of weighted projective space P(q) = Proj R 
defined by the homogeneous ideal I. Let m be the irrelevant maximal ideal of R and Z the 
singular locus o/P(q). If 

(i) depth z ® meZ O x (m)>2 

(ii) Rom R (I,H 1 m (S)) = 

then Def° s / R and Hilbx/y are isomorphic deformation functors. 

3.3 Examples 

We give some examples from (straight) projective space to illustrate the condition in The- 
orem 13.41 and Corollary 13.51 We stick with the above notation so that Y = P™ = Proj R, 
X = Proj S, etc. Note here of course Z is empty so only the second condition applies. 

Example 3.7. Points. If X is s points in general enough position in P n , then the Hilbert 
function of X is 

h x (u) = M{s, ( U + U )} 



n 

by e.g |GMR83j . Let u be the smallest integer with 

u + n 
n 



s < 

The exact sequence 

0^S U ^ H°{X, O x {v)) -> H\l x (v)) 

and the fact that h°{O x {v)) = s yield l v = for v < u and H^(S) U = for v > Vq so 
Def^^j ~ Hilbx/p« in this case. 

Six general points in P 2 will have Hilbert function (1, 3, 6, 6, ... ). On the other hand 
the complete intersection of a quadric and a cubic will have h x = (1, 3, 5, 6, 6, ... ). Thus 
dim/ 2 = h 1 {X x {2)) = 1, so Hom(J, H^(S))o ~ k and the functors need not be isomor- 
phic. Indeed since both obstruction spaces vanish (S is a complete intersection) the map 
Def^/jj — > Hilbx/p™ corresponds dually to a surjection of formally smooth complete k- 
algebras. 
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Note that we may think of Def° s / R as deformations that preserve the Hilbert function 
and that they correspond to Hilbert function strata of the Hilbert scheme, see |Kle07]. The 
above two cases show that the Hilbert function strata given by (1, 3, 6, 6, ... ) is an open 
subscheme of Hilb 6 (P 2 ) while (1, 3, 5, 6, ... ) gives a smooth codimension 1 stratum. 

Example 3.8. Curves. Consider a smooth curve C sitting on a smooth hypersurface V 
of degree s < 3 in P 3 . Let C = Proj S C P 3 = Proj R with S = R/I. There is an exact 
sequence of normal bundles 

-»■ M c/ v -»> Mc/v* -> O c {s) 

and M c /v ^ wc^Wy 1 . Thus by Serre duality H x {N G /v) = and H\]\fciv*) — Hl (O c (s)) 
while H°(X c /ps) -> H°{O c {s)) is surjective. 

Applying this to the long exact sequence in Theorem 11.11 we get 

-> Hom R (/, S) -> H°(Nc/v*) -> Hom«(J, i£ (S 1 )) -> T 2 (i?/5, i?) . 

There is a commutative diagram 

H\M C /^) > Hom R (/,^(5)) 

# o (0 c (s)) ^^(Xc( S )) 

so if Hom R (7, H^(S)) ~ H 1 (X c {s)) then Def^^ is unobstructed. If s — d , di, . . . , d m are 
the degrees of the generators of /, then one can show that there is such an isomorphism if 
H l {X c (di)) = for alH = 1, . . . ,m. 

If s = 2 then V ~ P 1 x P 1 and we can use the Kunneth formula to compute these coho- 
mology groups. The outcome is that indeed Hohir(J, H^(S)) — H l {X c {2)) so T 2 (R/ S, R) = 
0. Moreover if C has bidegree (p, q) with p < q then 



h\Xc{2)) 



if p > 2 

max{0, q — 3} if p = 2 



Thus Def^ 5 — Hilb(7/p3 if p > 2 or q = 3 while Def^ s corresponds to a smooth stratum 
of codimension q — 3 in Hilb d,9 (P 3 ) otherwise. 

If s = 3 then among curves on cubic in P 3 we find the curve that gives rise to Mumford's 
example of an irreducible component of Hilb 1 ' 2 (P 3 ) which is not reduced at its generic 
point ( |Mum62] ) . Let if be a hyperplane section of V and E a line on V. Take C to be 
a generic element of the complete linear system \4H + 2E\ on V. Such a curve may be 
constructed using linkage in a (3, 6) complete intersection and there is a resolution 

-»■ R(-9) -»■ i?(-8) 2 © i?(-7) 2 -»■ i?(-6) 3 © i?(-3) -»• J -»• . 

One computes that /i 1 (X c (rf)) = when d > 6 and /i 1 (X c (3)) = h\O c {^)) = 1, so 
Homj^i", ~ i/ 1 (X c (3)) ~ fc and T 2 (R/S,R) = 0. Since Def^ /5 is unobstructed it 

corresponds to the reduced subscheme of this component. 
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4 Deformations of the scheme - Defx 
4.1 Results 

Lemma 4.1. If (X, Z, S, J) is a G-ferry quadruple with ferry S and 

(i) T 2 (S/O x ;S) G = 

(ii) T](S/k;Sf = 

then Deff ->- Def x is smooth. If moreover T l {S/O x \ S) G = and T}(S/k; S) G = then 
Deff ->• Def x zs an isomorphism. 

Proof. First note that since taking G invariants is exact we have T X (S) G ~ T x . Sec- 
ondly |And74| Appendice. Proposition 56] and the fact that ir is affine imply T X (S) ~ 
T l {y\~ x Oxlk\ Ox 1 )- The Zariski-Jacobi sequence for — > tt^Ox —> Ox 1 reads 

-> T^O^/tt- 1 ^; -> 2* , -> T^Ox/k- O x >) -> T 4+1 (Ox' /tt" 1 ^; Ox') 

so the first condition yields (T X ,) G — > T l x surjective for i = 1 and injective for i = 2. The 
exact sequence in Theorem 11.11 for X' C Spec S 1 is 

)> T}(£/A;; S) -> 1* -> T x , T l j +1 {S/k; S) -> • • • 

so the second condition implies the same for (T l s ) G -> (T X ,) G and we have proven the first 
statement. The second statement statement follows from the same argument for i — 1. □ 

Even if the second condition above is not satisfied the construction can help computing 
deformations. 

Lemma 4.2. If (X, Z, S, J) is a G-ferry quadruple with ferry S and 

(i) T\S/O x ; S) G = T 2 (S/O x ; S) G = 

(") & = (T|) G = 
then T x ~ Tj(S/k] S) G and an injective map T x <^-> Tj(S/k; S) . 

Proof. This follows from the exact sequences in the proof of Lemma 14.11 □ 

Lemma 4.3. If (X, Z, S, J) is a G-ferry quadruple then Tj(S/k] S) ~ Der k (S, Hj(S)) and 
there is an exact sequence 

T\S/k; H){S)) T](S/k; S) -> T°(S/k; H 2 j(S)) T 2 (SA; . 

In particular if depth j S 1 > 2 i/ien Tj(S/k; S) ~ Der^S", Hj(S)) as SG-modules. 

Proof. Since Hj(S) = the exact sequence comes from the edge exact sequence for the 
spectral sequence in Theorem 11.11 □ 
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Lemma 4.4. If (X, Z, S, J) is a G-ferry quadruple and depth z 5 > 2 then 

r ) (s/o x] s)~s® kd 

where q is the Lie algebra of G. 

Proof. Recall that tt\u< is a locally trivial G-bundle, and Qq — Oq ®k 0- The group action 
gives a global trivialization so Qu'/u — Ow ®fc 0- Since T°(S/Ox\ S) is the dual of Q l S / 0x 
it also has depth > 2 in Z. It is therefore isomorphic to i*7r*Qjj'/u — <~> ®fc 0- Q 

Definition 4.5. Assuming depth z S > 2, let E\, . . . , E r be a set of invariant global sections 
which generate the free sheaf T°(«S /Ox', <S). We call such a set a set of Euler derivations 
for the G-ferry quadruple. A set of Euler derivations defines an SG map E : ^s/o x ~ * ^ '• 
Let Q = coker(i?). Let Z(Q) be the support of Q. 

Remark. The morphism is just the natural map ^s/o x ~~ (^5/o x ) W a ^ er choosing a 
basis for the free sheaf (^5/o x ) vv thus ker(E) is the torsion submodule of ^ 1 s / 0x and Q is 
independent of the choice of Euler derivations. Note that Z(Q) C Z. 

Remark. If G is finite and depth z 5 > 2 then T°{S/Ox',S) vanishes so Tor(Q^ 0x ) = 
^s/Ox' Thus Z(Q) contains the closed locus where the isotropy group of the G action on 
X' is finite. For toric varieties in fact Z(Q) equals the non-simplicial locus of X. 

Lemma 4.6. If (X, Z, S, J) is a G-ferry quadruple with depth z S > 2 then 

T\S/O x ; S) ~ £x? s (Q} s/0x) S) for i = 0, 1, 2. 

Proof. Consider the spectral sequence £xt p s {T q (S / Ox', S),S) =>■ T p+q (S /Ox', S). Since the 
T q {S /Ox', S) are supported on Z when q > 1, the depth condition yields the result. □ 

Assume S is a sheaf of C^-algebras on a scheme X and Z C X is a locally closed. 
If T and are 5-modules, denote by Ext^^J 7 , respectively 8xt l s Z (J-, Q), the higher 
derived functors of i— > H z [X,'Koms{J- ',{?)), respectively Q i— > H z (X,'Homs(J : ',G)). We 
refer to SGA 2 Expose VI ( |Gro05j ) for details and the results we will use. 

Lemma 4.7. // (A, Z, S", J) zs a G-ferry quadruple with depth^S > 2 and depth z Ox > 3 
i/ien Sxtg(Q^ 0x ,S) G = and 

r (S/O x ; Sf ~ Ex^(^ /OA . , 5) G /or i = 0, 1, 2 . 
Proof. By Lemma [4. 4[ ^5/^,^ — S\u so we get an exact sequence 



— >■ 



from the long exact sequence for Ext l sz (Q} s , 0x ,S). Now since depths S > 2 the left sheaf 
vanishes. The right sheaf is isomorphic to rH z (S). After taking invariants this becomes 
r% z {Ox) which also vanishes since depth z Ox > 3. Thus £xt 1 s (Q} s , 0x ,S) G = 0. 
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We have local global spectral sequences which at the E 2 level are 

H P {X, T q {S/O x - S)) T p+q {S/O x - S) 
Hv{X,£xt%{Sl\ /0x ,S)) =► Ext^(Q^ /0x ,<S) 

Lemma 14.61 implies the isomorphisms for i = 0,1. But since £xt\(Sl\, 0x , S) = the 
spectral sequences yield exact sequences 

-> H 2 (X, T\S/O x ; S)) G ->T 2 (S/O x] Sf -> H°{X, T 2 (S/O x - S)) G ->• 
iy 2 (X,£x4(^ /0x ,«S)) G ^Ext 2 (^ /0x ,S) G H\X,£xt 2 s (n l s/0x ,S)) G -> 

so the isomorphism for i = 2 also follows from Lemma 14.61 □ 
Proposition 4.8. // (X, Z, S, J) is a G-ferry quadruple with 

(i) depth z S > 2 

(ii) depth z O x > 3 

then T 1 (S/O x ; S) G ~ rH 1 (X,O x ) iaere are exact sequences 

-> r# 2 (X, X ) -> T 2 (5/O x ;5) G -> # (X,£xt 2 (^ /Ox ,«S) G ) -> 
-> Hom 5 (^ /0x ,H|(5)) G -> tf (X,£xt 2 (^ /Ox ,S) G ) -> Hom 5 (Q,H|(5)) G . 

Moreover there are inclusions Horns (Q, 7-L z (S)) G C Homo x (Q G , H z (O x )) C rH z (O x ). 
If S is regular then the second sequence is exact on the right as well. 

Proof. The first statement and the first exact sequence follow from the local-global spectral 
sequence and Lemma [4.41 and [4.71 Let j be the inclusion of U in X. From the long exact 
sequence for £xt l sz (Q} s , 0x ,S) we get 

-> ft 1 ^ -> &rt|,^ /0x ,S) £xt 2 (fi^ /0x ,5) -> H^Sfu 5x4 jX (^ /0x ,«S) . 

Taking invariants and using the depth assumption this becomes 

-> £xt% z {n 1 s/0x ,S) G -> ^4(^ /Gx ,<S) G r^|(0x) 5a4^(^ /0x ,5) G . 

Using the spectral sequence £xt p s (^l^ 0x ,'H z (S)) =>- , 0jf , «S) and the conditions 

this becomes again 

-> ^(^ /0x ,^|(«S)) G -> £*t 2 (n^ /0x ,5)° rW|(O x ) ^ ^,z(nW' 5 )° • 
There is a composite map e = v o u 

rU%{S) A £xt% z {rts /0x ,S) A WomsCn^, 
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where v is the map to in the above spectral sequence. Thus kerw C kere. On the 
other hand e is the map induced by the middle map in the exact sequence 

0-»Tor(fi£ /Ox ) ^^ s / 0x ^S r Q^O (4.1) 

from Definition 14.51 Therefore kere = y Homs{Q,'H%{S)) and we have shown that the 
second sequence in the statement is exact. 

The sequence (14. ip is an SG exact sequence so Q is generated by G invariants. Thus 
%oms(Q ) 'H%(S)) G — > Hom 0x (Q G ,%|(<S) ) is injective. The second inclusion follows 
from first taking invariants of (14. II) and then applying 'Hom(—,'H 3 z (Ox))- 

To prove the last statement note that if S is regular then locally Ox — > 5 is a local- 
ization of some A G — > A as in Lemma [1.31 Therefore £ xtg(p,^, 0x , H%{S)) = and the 
map v above is injective as well. It follows that kerw = kere. □ 

Example 4.9. Finite G. We can apply the above to the situation in Example \2.7\ i.e. 
G C GL n (C) is finite without pseudo-reflections and 

(X, Z, S, J) = (C n /G, Sing(C7G), O^, (1)) . 

Assume that codim^ X > 3 (the singularity need not be isolated). Then since X is Cohen- 
Macaulay depth z Cx > 3 and since G is finite depth^S 1 > 3. We also have r = so it 
follows from Proposition 14.81 Lemma 14.61 and Lemma 14.11 that X is rigid. This generalizes 
Schlessinger's result in [S ch71] . 

In general consider an affine G-ferry quadruple 

(X, Z, S, J) = (Spec S G , Z, S, (1)) 

with finite G and Z the locus where it : Spec S — > X is not etale. Then by the above 
results we have Def^ ~ Defx if depth z S > 3. If particular if S is Cohen-Macaulay then 
it is enough to assume codimZ > 3. See also |Ste88[ Section 7]. 

Theorem 4.10. If (X, Z, S, J) is a G '-ferry quadruple with 

(i) depth z iS > 2 and depth z Ox > 3 

(ii) G is finite or H 2 (X, O x ) = 
(hi) H°(X,Sxtl(Ql /Ox ,S) G ) = 

(iv) T\S/k- H^S)) = and Der k {S, Hj{S)) G = 
then Deff — > Defx is smooth. If moreover 

(i) G is finite or H\X, O x ) = 

(ii) Dei k (S,H}(S)) G = 

then Deff Def x is an isomorphism. 
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Proof. The result follows directly from Lemma 14.11 and Proposition 14.81 



□ 



In low dimensional cases, we can not expect that Def 5 — > Defx is an isomorphism, 
even though the first four assumptions of the theorem are satisfied. Here is an example of 
space curves. 

Example 4.11. For space curves we only need to verify (iv) to conclude that Def^ — > Defx 
is smooth. We claim that a general space curve X = Proj S in Hilb d ' 9 (P 3 ) satisfying 
g < d + 3 also satisfy (iv). Indeed in this case J is the irrelevant maximal ideal and 
Hj(S) ~ ^2 v H\X,O x (y)). We get Dex k (S, H 2 j(S)) = provided H\X,O x (l)) = 0. It 
is well known that a general curve satisfies this property. 

We need to show T 1 (5'//c, Hj(S)) = 0. Let / be the homogeneous ideal of X in 
P 3 = Proj R. Since Hom R (I, Hj(S)) = T\S/R, H](S)) ->• T\S/k, H](S)) is surjective, 
it suffices to show Hom(J, H}(S))o = 0. Space curves of maximal rank (i.e. H l {Xx{v)) = 
provided H°(Ix{v)) ^ 0) necessarily satisfy this property. The main theorem Ellia and 
Ballico in |BE85j implies that the general curve in the range g < d — 3 has maximal rank. 
It follows that Def° — > Defx is smooth in this range. But if g > then H 1 (X, Ox) ^ 
and we do not expect Def^ — > Defx to be an isomorphism. 

4.2 The Cohen-Macaulay case 

Since we are dealing so much with depth conditions we get better results when X is Cohen- 
Macaulay. 

Proposition 4.12. // (X, Z, S, J) is a G-ferry quadruple with 

(i) X an integral Cohen-Macaulay scheme 

(ii) depth z S > 2 

(iii) codimZ > 3 

(iv) codimZ(Q) > 4 
then there is an exact sequence 

-> rH 2 (X,O x ) -+ T\S/O x ;S) G Hom 5 (^ /Ox , U 2 Z {S)) G 

Proof. We will prove that 7iomo x (Q G , T-L 3 z (Ox)) = and then the result follows from 
Proposition 14.81 But 

-Homo^^UOx)) = nom 0x (Q G ,'Hz(Q)('HUOx))) = 

because of the assumptions and Lemma 11.51 □ 

Theorem 4.13. If (X, Z, S, J) is a G-ferry quadruple with X an integral Cohen-Macaulay 
scheme and 
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(i) depth z iS > 2, codimZ > 3 and codimZ(Q) > 4 

(ii) G is finite or H 2 (X, Ox) = 

(iii) Rom s (n 1 s/Ox ,n 2 z (S)) G = 

(iv) T\S/k- #}(S)) G = and Der k {S, Hj{S)) G = 
then Deff — > Defx is smooth. If moreover 

(i) G is finite or H\X, O x ) = 

(ii) Ber^HjiS)) = 

then Deff ->• Def x is an isomorphism. 

Proof. Apply Proposition 14.121 □ 

Remark. Let J' be the radical ideal of the closure of Z' in Spec 5*. If Spec 5* is smooth 
and codimJ' > 2 then Der fc (S, Hj(S)) G ~ T](S/k;S) G ~ (T^,) G ~ ff 1 ^', 9 X /) G ^ 
0x)- This means that Der^S 1 , Hj(S)) G in this case computes the locally trivial 
first order deformations. 

By the Hochster-Roberts theorem X will be Cohen-Macaulay if S is a regular ring. In 
that case we get a statement about rigidity of X. 

Corollary 4.14. Assume (X, Z, S, J) is a G -ferry quadruple with S a regular ring. Let J' 
be the radical ideal of the closure of Z' in Spec S . If 

(i) codim J' > 2, codimZ > 3 and codimZ(Q) > 4 

(ii) G is finite or H 2 (X, O x ) = 

(iii) Hom 5 (^ /OA „^|( l S)) G = 

(iv) Dei k (S,Hj(S)) G = 
then X is rigid. 

4.3 Applications to toric varieties 

Applied to toric varieties the above would only give rigidity results. One key object to 
understand is H^{S). Let {mi, . . . , m r } be monomial generators for any squarefree mono- 
mial ideal B C S. For / C {1, . . . ,r} let Tj be the simplicial complex on the vertex set 
{1, . . . , r} where {ji, . . . ,j k } is a face if X{ \ lcm(m J1 , . . . , m Jfc ) for some i G I. If p G 7L N 
define neg(p) C {1, . . . , iV} to be the set {i \ pi < — 1}. 
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Theorem 4.15. ( |Mus00t Theorem 2.1]) If p G Z N then there are isomorphisms H B (S) P ~ 
H l ~ 2 (Ti; k) when I = neg(p). Moreover the map 

H l B (S) p — -V H l B (S) p+ei 

corresponds to the map H l ~ 2 (T neg ( p y, k) — > H l ~ 2 (T neg ( p+e .y, k) induced in cohomology by the 
inclusion T neg ( p+e .) C T neg ( p ). In particular, if pi ^ — 1, then -x^ is an isomorphism. 

From now on assume S is the Cox ring and B the irrelevant ideal for a fan S. 

Lemma 4.16. The codimension 2 prime ideals of B are the (xi,Xj) with pi and pj not in 
the same cone in E. 

Proof. This follows directly from the description of the prime components of B. See e.g. 
[CLSlll Proposition 5.1.6]. □ 

Let B 2 be the intersection of the codimension 2 primes of B. Let K be the simplicial 
complex which has B2 as Stanley-Reisner ideal. Let T be the graph with vertices {0, . . . , N} 
and edges {i, j} when pi and pj are in the same cone in E. Define C(T) to be the clique 
complex of T. Let Tj be the induced subgraph with vertices in I. 

Lemma 4.17. The complex K is the Alexander dual ofC(T). In particular there is a one 
to one correspondance between facets of C(T) and a minimal generating set for B2 given 
by F H- xpc. This correspondance identifies Tj with the complex with vertex set equal the 
set of facets of C(T) containing an element of I and {F^, . . . ,F ik } is a face if i G D-^i 
for some i G / . 

Proof. The facets of K are the complements {i,j} c where {i,j} is a non-edge of T. We 
have / G C(T) V <^ f c ^ C(T) <^ f c contains a non-edge of T <^ / C {i,j} c for a non- 
edge {i, j} / G K. A set {xf c , • • • ,xf c } is a face of Tj if there is an i G / with 

^u^: = (n^ c ,thatisiHGnF lfc . lk □ 

Lemma 4.18. If % G I let fi be the face of Tj given by {F : i G F}. The map H (Tj) — > 
Hq(Tj) defined by [i] 1— > [F] where F is any vertex in fi is an isomorphism. 

Proof. First note that {i,j} is an edge in Tj iff there is a maximal clique F of V containing 
which is iff fi fl fj ^ 0. To show that the map is well defined assume [i] = [j]. 
Then there is an edge path through vertices % = Zq, i\, ■ ■ ■ , i r = j in Tj. Then since the 
fi k PI fi k+1 ^ we may find a path from any vertex of fi to any vertex in fj. 

The map is clearly surjective. To show injectivity assume F G fi and G G fj are 
connected by an edge path F = F , Fi, . . . , F r = G. This means that the intersection of 
cliques F k nF k+1 contains an element i k G /. This implies that there are edges {i^, ik+i} £ T 
and therefore in the induced subgraph Tj. Thus [i] = [j]. □ 

Proposition 4.19. There is an isomorphism H B (S) P ~ H°(Ti, k) where I = neg(p). 
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Proof. This follows now directly from Theorem 14.151 Lemma 14.171 and 14.181 



□ 



We wish to apply the above with Corollary 14. 141 to get rigidity results for toric singular- 
ities. If a is a cone defining an affine toric variety X with Cox ring S = k[xi, . . . , xn], let 
£ be the fan consisting of smooth faces of o and B = -B(S) the corresponding irrelevant 
ideal. If X = Spec A we must at least have Horns^O^, Hg(S))o = Der^S, Hg(S)) = 
in the Cl(X) grading. This would follow if H^(S) ai = for i — 1, . . . , N where ctj is the 
degree of Xi. 

Lifting this to the "L N grading we need Hg(S) p = (with the notation of Example I2.5P 
when p = q + ei and q = (..., (u, Vj), ... ) for some u G M. If we assume codim Sing(X) > 3 
then Hg(S)o = Hg- mg r X JA) = 0. In the Z N grading this means H%{S) q = when q is as 
above. Thus by Theorem 14.151 it is enough to check when in q the coordinate (u,Vi) = — 1. 

Let be the graph with vertices {0, . . . , N} and edges {i,j} when {pi, Pj} span a 
2-dimensional face of a and r{ the induced subgraph as above. If codim Sing(X) > 3 
then Vj is a subgraph of Tj-(E) with the same vertex set so the map H (Tj) — > H (Ti) is 
surjective. 

If u G M and (u, V{) = — 1 let 

I = {je{l,...,N}:(u, Vj )<-l}\{i} 

and set Ti(u) = Tj. (These graphs also appear in the study of deformations of smooth 
complete toric varieties in [lit llj .) The above arguments together with Corollary 14 . 1 41 yield 

Proposition 4.20. If X is an affine toric variety and 

(i) X is smooth in codimension 2 and simplicial in codimension 3 

(ii) Ti(u) is connected for all u G M 
then X is rigid. 

Lemma 4.21. Let P be a polytope, H* a closed half-space with bounding hyperplane H 
and v a vertex of P with v G H. IfT v (H) is the induced subgraph of the edge graph of P 
on the vertices in 

{w G vert P : w G H*} \ {v} 

then T V (H) is connected. 

Proof. If H n int P ^ let H' be the supporting hyperplane in H* which is parallell to H. 
By standard arguments every vertex in T V (H) is either on H' or has a neighbor vertex in 
H* which is nearer to H' . Thus T V (H) is connected in this case. 

If H PI int P = then H is a supporting hyperplane. If P C H* then T V (H) is the edge 
graph of P with one vertex removed. Since edge graphs of d-polytopes are rf-connected 
T V (H) is connected (trivially also for d = 0,1). If P n H* = F is a face then the same 
argument applied to F yields the result. □ 
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With this we can reprove a theorem of Altmann in [Alt95j. 

Corollary 4.22. A Q-Gorenstein affine toric variety which is smooth in codimension 2 
and simplicial in codimension 3 is rigid. 

Proof. An affine toric variety is Q-Gorenstein if and only if there is a primitive uo G M 
and a positive integer g such that (u , Vi) = g for all generators v j of the rays of a. This 
means that if P is the convex hull of the Vi in the hyperplane (uq, — ) = g, then for all 
u G M the graph Vi(u) is a T V (H) as in Lemma [4.211 □ 

With the same arguments we can reprove Totaro's generalization, |Totl2l Theorem 5.1] 
of theorems of Bien-Brion and de Fernex-Hacon. 

Corollary 4.23. A toric Fano variety which is smooth in codimension 2 and simplicial in 
codimension 3 is rigid. 

Proof. Corollary 14.221 takes care of the local situation so what is left to prove is condition 
(iv) in Corollary 14.141 The Fano condition implies that the fan S of a Fano toric variety is 
the face fan of a polytope. Thus the same arguments as above show that H^^(S) ai = 
where «j are degrees of the generators of the Cox ring of S. □ 
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